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Abstract
Free vibration of a spinning flexible disk is analyzed by using Hamilton’s principle
and the finite element method (FEM). Two approaches are used to model the spinning
disk, in one the disk is described by using a formulation based on Reissner-Mindlin plate
theory and von Karman non-linear strain and the other is a formulation based on the
layerwise plate theory. Centrifugal and gyroscopic effects are considered, although the
latter is taken into account with the assumption that the rotation angle of the gyroscopic
effect is the same as the deformation angle. Using Hamilton’s principle, partial differential
equations of motion of the spinning flexible disk are derived. FEM is used to discretize
the derived governing equations. The developed methods are validated with the ANSYS
software. The models results obtained with a Matlab platform code have a good agreement
for the non-spinning disk with ANSYS. The results obtained for somewhat high spinning
velocities have some deviation, with the results from ANSYS, for some natural modes which
points to the wrong assumption of considering the deformation angles in the formulation
of the gyroscopic effect. The influence of the gyroscopic effect on the natural modes and
frequencies is studied as well as the centrifugal stiffening effect. The free vibrations for a
functionally graded material using the finite element based on the layerwise plate theory
are studied. The proposed method may be used to predict to some degree the vibration
characteristics of low-speed spinning flexible disks with viscoelastic treatments.
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Chapter 1
Introduction
Spinning disks are a fundamental component of many machines and mechanisms such
as data storage devices – DVDs, Blu-ray disks, hard drives – turbines, gyroscopes, circular
saws and disk brakes. The vibrations of spinning disks are very important as they create
high noise levels, inaccuracies, power loss, fatigue and even occasional failures of the
system. Therefore, these vibrations are an important subject of study. However, due
to rotation, spinning disks develop in-plane stresses that have a significant effect on the
transverse (out-of-plane) stiffness which complicates the determination of the response
to the transverse loadings or excitations that the spinning disks are often subjected to.
Accordingly, the dynamic of the spinning disks was, at first, studied analytically. Later
on, the dynamic analysis of the disks started to include finite elements, which were mostly
based in the theory of thin (Kirchhoff) and thick (Reissner-Mindlin) plates. However, most
of the formulation of the finite elements neglected the gyroscopic effect, caused by the
rotation of the disk, which has a significant effect in the natural frequencies. Nowadays,
most of the studies focus on reducing the vibrations of disks. The use of viscoelastic
damping technologies is one possibility to reduce these vibrations.
The theme of this thesis is to study the vibratory behaviour of elastic spinning disks
from taking into account the effects of shear, rotary inertia, the centrifugal stiffening effect,
the gyroscopic effect and the effect of coupling due to the stratification of the layers of the
disk and also to study disks made of functionally graded materials (FGMs).
1.1 Literature review
According to [Mignolet et al., 1996], the first spinning disk analysis was made by
Lamb and Southwell [Lamb and Southwell, 1921], in which they investigated the natural
frequencies of a disk clamped at its center and free at its periphery. The case of study
is an elastic circular disk of small uniform thickness, rotating about their axis with a
constant angular velocity Ω. Power series expansion techniques were applied to determine
the exact natural frequencies for a spinning membrane, which were subsequently combined
with previously published results for a non-spinning disk to provide the lower limits of the
natural frequencies of a spinning disk with flexural and membrane effects. Furthermore,
the authors also presented an upper limit for the natural frequencies of the spinning disk
using the Rayleigh’s method. The formulation made by Lamb and Southwell is later on
extended to nonlinear cases in [L. Nowinski, 1964]. [Kirkhope and Wilson, 1976] takes
advantage of the axisymmetric properties of the disk to develop an annular finite element
which is used to perform a plane stress analysis. The in-plane stress distribution is then
used to determine the natural frequencies of the disk analytically. [Iwan, 1976] analyzed
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the effect of a transverse load on the stability of a spinning elastic disk and conclude that
the disk system is unstable for speeds in a region above the critical speeds of vibration
of the spinning disk due to the effects of load stiffness. In [Soares and Petyt, 1978] a
dynamic analysis of non-rotating, rotating and pre-stressed disks was made using a semi-
analytical finite element. This element was based on the Mindlin thick plate theory. It
has 2 nodes, 12 degrees of freedom, parabolic thickness, and is capable of representing
all the geometric and natural boundary conditions of thick plates. [Nigh and Olson,
1981] presented a finite element formulation for the analysis of spinning disks in either
a rotating or an inertial reference frame. The formulation places no restrictions on the
disk geometry if the problem is solved in a rotating reference frame, although only disks
of axisymmetric geometry may be considered in an inertial reference frame. First, the
in-plane stress distribution due to rotation must be determined by a plane stress finite
element analysis. The stress distribution is later used in the calculation of the out-of-
plane geometric stiffness which in turn is added to the linear bending stiffness. The
authors also present here a direct method of determining the critical speeds through an
eigenvalue analysis in an inertial reference frame. [Jang et al., 2002] applied perturbation
techniques to estimate the free vibration characteristics of a flexible spinning disk clamped
at its center and free at the outer edge with accurate results. [DasGupta and Hagedorn,
2005], studied the dynamics of a spinning thin disk with an external ring and investigated
the effect of the ring on the critical speeds of the disk. The von Karman plate theory
was used to model the disk with a ring. The disk had clamped inner-boundary and free
outer boundary. The linear mode shapes and eigenvalues were obtained by using the
Galerkin method to approximately solve the self-adjoint eigenvalue problem for the linear
stiffness operator. Later, the mode shapes and eigenvalues are then used to solve the
eigenfrequencies of vibration of the disk. The authors demonstrate that the critical speeds
of the disk can be increased substantially by an appropriate design of the external ring.
With the aim of reducing the radiated noise levels from circular saws blades, [Vasques
and Rodrigues, 2010] makes use of the viscoelastic damping technologies and uses a fully
coupled vibroacoustic finite element model using the software ACTRAN/VA. The saw
and constrained layer damping treatment are modeled with solid-shell finite elements and
the surrounding acoustic fluid (air) is modeled with acoustic fluid finite elements. In the
boundary of the acoustic medium an infinite fluid is considered through the use of infinite
element technology. The centrifugal stiffening effect of the spinning saw is considered but
the gyroscopic effect is neglected which has a significant weight on the natural frequencies,
and ultimately, affects the damping behavior of the viscoelastic material. A reduction of
the radiated sound power is observed and vibratory response is shown to yield in general
good attenuation of all modes, being more significant in the higher ones and for larger
annular diameters of the viscoelastic treatment.
1.2 Motivation and Objectives
Based on the literature review it has been observed that some works have been carried
out for modelling analysis of spinning disks. The author found that there’s a lack of papers
dealing with the dynamic modelling of the spinning disks with gyroscopic effect. In that
perspective the author finds the motivation to formulate finite element methods of plates
that contain the gyroscopic effect. The objectives to this work are as follows:
• Analysis and characterization of the dynamic behavior of spinning disks;
• Development and implementation of finite element models considering the effects
2
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that come from the spinning movement of the disk (gyroscopic effect and centrifugal
stiffening effect);
• Assessment of the disks finite elements performance by comparing with ANSYS
software;
• Analysis of different parameters effects on the dynamic behavior of the spinning
disks;
• Formulation and implementation of multi-layer disk finite element used on a layerwise
theory.
1.3 Layout
This work is organized into 5 chapters, each one regarding a different subject even
though always related to the main issue which is the dynamics analysis of spinning disks.
In the present chapter, an introduction and a literature review of the problem of dynamics
of spinning disks are made and the main objectives for this work are presented. In chapter
2, the theories used to formulate the finite elements are presented. In this chapter the dis-
placements, strains and expressions of potential energies and kinetic energies of spinning
disks are determined with different theories. The modal and FRF analysis methods are
presented and functionally graded materials are introduced. In chapter 3, a finite element
modelling is presented to obtain the stiffness matrices, mass matrices and gyroscopic ma-
trices. To achieve the equation of motion. In chapter 4, the elements are validated by a
modal analysis comparison with the results obtained with ANSYS. The centrifugal and
gyroscopic effects are studied and the behaviour of disks made of FGMs are analyzed.
In the last chapter, some conclusions are drawn from the overall results obtained
throughout this work and some suggestions are left for further development of the present
work.
3
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Chapter 2
Theoretical Formulation
This chapter presents the theoretical formulation needed to analyse the dynamic be-
haviour of the flexible disk of uniform thickness h that is spinning at a constant velocity
Ω about its axis. The disk is considered to be clamped at the hub and free at its outer
edge. A modulation of the disk as a circular plate is considered where the rotary inertia
and the gyroscopic effect are taken into account. Two formulations are employed in order
to describe the displacement field - a Reissner-Mindlin plate based theory and a Layer-
wise plate theory. The strain field is described by the von Karman nonlinear strain. The
modal and FRF method of analysis briefly explained. Functionally graded materials are
introduced and a distribution of the properties is presented.
2.1 Formulation based on the Reissner-Mindlin thick plate
theory and von Karman nonlinear strain
In this formulation the disk is modelled as a singular circular plate where its displace-
ment field is based on the Reissner-Mindlin plate theory and the strain field is described
by the von Karman nonlinear strain.
ω
free
clamped
h
Figure 2.1: Spinning circular plate
5
2. Theoretical Formulation
2.1.1 Displacement field
The displacement field is expressed in terms of the middle plane kinematic variables
and is based on the Reissner-Mindlin plate theory which is extended by introducing the
horizontal (in-plane) displacements u0(x, y, t) and v0(x, y, t)
{u} =

u(x, y, z, t)
v(x, y, z, t)
w(x, y, z, t)
 =

u0(x, y, t) + zθ
y(x, y, t)
v0(x, y, t)− zθx(x, y, t)
w0(x, y, t)
 (2.1)
where (.)0 denotes the displacements of the middle plane. θ
y(x, y, t) and θx(x, y, t) are the
angles defining the rotation of the normal vector. For convenience, the middle plane is
taken as the reference plane (z = 0) for defining the plate kinematics (Fig. 2.2).
y
x
z
w
u

x

yv
Figure 2.2: Spinning circular plate with mesh – kinematic model
2.1.2 Strain field
Due to rotation, spinning disks develop in-plane stresses that have a significant effect
on the transverse (out-of-plane) stiffness which complicates the determination of the re-
sponse to the transverse loadings or excitations that the spinning disks are often subjected
to. The non-linearity of the disk caused by the increase of the coupling effect between the
transverse and in-plane displacements can be considered effectively by using the von Kar-
man non-linear strain-displacement relationship [Jang et al., 2002]:
{ε} =

εxx
εyy
γxy
γxz
γyz
 =

∂u
∂x +
1
2(
∂w
∂x )
2
∂v
∂y +
1
2(
∂w
∂y )
2
∂v
∂x +
∂u
∂y +
∂w
∂x
∂w
∂y
∂u
∂z +
∂w
∂x
∂v
∂z +
∂w
∂y

(2.2)
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Recalling (2.1), the strain field can be written as:
{ε} =

εxx
εyy
γxy
γxz
γyz
 =

∂u0
∂x + z
∂θy
∂x +
1
2(
∂w0
∂x )
2
∂v0
∂y − z ∂θ
x
∂y +
1
2(
∂w0
∂y )
2
∂u0
∂y +
∂v0
∂x + z
(
∂θy
∂y − ∂θ
x
∂x
)
+ ∂w0∂x
∂w0
∂y
θy + ∂w0∂x
−θx + ∂w0∂y

(2.3)
2.1.3 Stress field
The stress field of the plate is related to the strain field by the constitutive law of the
material, hereby represented by the matrix operator [D], as:
{σ} =

σxx
σyy
τxy
τxz
τyz
 = [D] {ε} (2.4)
where the constitutive matrix is given by:
[D] =
E
1− ν2

1 ν 0 0 0
ν 1 0 0 0
0 0 1−ν2 0 0
0 0 0 1−ν2 0
0 0 0 0 1−ν2
 (2.5)
being E and ν the Young’s modulus and the Poisson’s ratio of the plate, respectively.
2.1.4 Strain energy
The elastic storage energy of the plate is obtained from the integral evaluated over the
volume domain as:
ΠP =
1
2
∫
V
{ε}T {σ} dV
=
1
2
∫
A
∫
z
{ε}T [D]{ε} dz dA
(2.6)
If we write the constitutive matrix as:
[D] =

Exx Exy 0 0 0
Exy Exx 0 0 0
0 0 G 0 0
0 0 0 G 0
0 0 0 0 G
 (2.7)
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then, recalling (3.21), we can write ΠP as:
ΠP =
1
2
∫
A
∫
z
[
Exxε
2
xx + 2Exyεxxεyy + Eyyε
2
yy +G
(
γ2xy + γ
2
xz + γ
2
yz
)]
dz dA (2.8)
2.1.5 Kinetic energy
The kinetic energy of the plate, including the effects of the translatory and rotary
inertia, is obtained from the integral evaluated over the volume as:
ΠK =
1
2
∫
V
ρ{vP }T {vP } dV (2.9)
being ρ the mass density of the material of the plate and {vP } the velocity vector of a
generic point P . For convenience of formulation, the kinetic energy is first obtained for
a stationary plate and later its complemented with the terms for the kinetic energy of a
spinning plate. The kinetic energy for a stationary plate ΠK
S
is obtained by:
ΠK
S
=
1
2
∫
V
ρ{u˙}T {u˙} dV =
=
1
2
∫
V
ρ
(
u˙0
2 + v˙0
2 + w˙0
2 + z2θ˙x
2
+ z2θ˙y
2
)
dV
(2.10)
where its terms lead to the mass matrix established in section 3.1.7. The remaining terms
for the kinetic energy of a spinning plate can be obtained by:
ΠK
Ω
=
1
2
∫
V
ρ
{
{ω} × {OP }
}T
·
{
{ω} × {OP }
}
dV (2.11)
where {OP } is the position vector of a generic point P of the plate without the rotational
components and is given by:
{OP } =

x+ u0
y + v0
z + w0
 (2.12)
and {ω} being the angular velocity vector expressed in the local reference frame. The
transition of the inertial reference frame – 0 – to the local reference frame – 3 – is carried
out with the aid of three successive rotations, as shown in Fig. 2.4:
The angular velocity vector {ω} is obtained as:
{ω} = [T03]{ω0}+ [T13]{ω1}+ [T23]{ω2} (2.13)
where [T03], [T13] and [T23] are the transformation matrices of the reference frames 0, 1
8
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nonlinear strain
y
x
z
O
P
y
x
z
Figure 2.3: Position vector of a generic point P
Z
0Z1
Z
2
Z
3
y
3
y
0
y
1
y
2
x
0
x
1
x
2
x
3
t
t
θ
x
θ
y
θ
y θ
x
Figure 2.4: Transformation of the inertial reference frame to the local reference frame –
Euler’s angles
and 2 to the reference frame 3. The vectors {ω0}, {ω1} and {ω2} can be expressed as:
{ω0} =
θ˙
x
0
0
 (2.14)
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{ω1} =

0
θ˙y
0
 (2.15)
{ω2} =

0
0
Ω
 (2.16)
The transformation matrices [T01], [T12] and [T23] are associated with the successive rota-
tions between the different reference frames:
y
0
z
0
x
x
z
1
x
1
x
0
y
1
Figure 2.5: Transformation of the 0 reference frame to the 1 reference frame
[T01] =
1 0 00 cos (θx) − sin (θx)
0 sin (θx) cos (θx)
 (2.17)
x
1
x
2
Z
1 Z
2
y
y
1
y
2
y
Figure 2.6: Transformation of the 1 reference frame to the 2 reference frame
[T12] =
 cos (θy) 0 sin (θy)0 1 0
− sin (θy) 0 cos (θy)
 (2.18)
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x
2
x
3
y
3
y
2
t
t
z
2
z
3
Figure 2.7: Transformation of the 2 reference frame to the 3 reference frame
[T23] =
cos (Ωt) − sin (Ωt) 0sin (Ωt) cos (Ωt) 0
0 0 1
 (2.19)
Recalling (2.13), in order to calculate {ω}, [T03] and [T13] transformation matrices must
be defined:
[T03] = [T23] [T12] [T01] (2.20)
[T13] = [T23] [T12] (2.21)
Since all the matrices and vectors are defined, recalling (2.13), the angular velocity vector
{ω} can now be obtained:
{ω} =

θ˙x cos (Ωt) cos(θy)− θ˙y sin (Ωt)
θ˙y cos (Ωt) + θ˙x sin (Ωt) cos(θy)
Ω− θ˙x sin(θy)
 (2.22)
On the equation (2.22), the angles θx and θy are assumed small and the angular velocity
Ω is assumed constant. Therefore, the angular velocity vector can be simplified:
{ω} =

θ˙x
θ˙y
Ω− θ˙xθy
 (2.23)
Using (2.11), (2.12) and (2.23), ΠK
Ω
can be written as:
ΠK
Ω
=
1
2
∫
A
∫
z
ρ
[
Ω2
(
u20 + v
2
0
)
+ 2Ω2 (u0x+ v0y)− 2Ωz
(
θ˙xx+ θ˙yy
)
− 2Ωθ˙xθy (x2 + y2)
− 2Ωθ˙x (u0z + w0x)− 2Ωθ˙y (v0z + w0y)
]
dz dA
(2.24)
where the time derivative terms of second order are neglected, since all these terms are
already taken into account in the kinetic energy for a stationary plate ΠK
S
. The over
second order terms are also neglected as well as a term Ω2
(
x2 + y2
)
, associated with the
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kinetic energy of rotation, since it does not contribute to inertia forces. Recalling (2.10)
and (2.24), the kinetic energy of a spinning plate ΠK , can be now be obtained by combin-
ing the two components as:
ΠK = ΠK
S
+ ΠK
Ω
(2.25)
ΠK =
1
2
∫
V
ρ
[
u˙0
2 + v˙0
2 + w˙0
2 + z2θ˙x
2
+ z2θ˙y
2
+ Ω2
(
u20 + v
2
0
)
+ 2Ω2 (u0x+ v0y)
− 2Ωz
(
θ˙xx+ θ˙yy
)
− 2Ωθ˙xθy (x2 + y2)− 2Ωθ˙x (u0z + w0x)
− 2Ωθ˙y (v0z + w0y)
]
dV
(2.26)
which after integration over the plate thickness, ΠK becomes:
ΠK =
1
2
∫
A
ρh
[
u˙0
2 + v˙0
2 + w˙0
2 +
h2
12
θ˙x
2
+
h2
12
θ˙y
2
+ Ω2
(
u20 + v
2
0
)
+ 2Ω2 (u0x+ v0y)
− 2Ωθ˙xθy (x2 + y2)− 2Ωθ˙xw0x− 2Ωθ˙yw0y] dA
(2.27)
where Ω2
(
u20 + v
2
0
)
is a quadratic form of the displacements, which means that it will com-
bine with the strain energy of the structure to give a modification of its apparent stiffness.
2Ω2 (u0x+ v0y) gives rise to the centrifugal forces. −2Ωθ˙xθy
(
x2 + y2
)
, −2Ωθ˙xw0x and
−2Ωθ˙yw0y are the contribution of the gyroscopic effects to the kinetic energy.
2.2 Layerwise plate formulation
The Layerwise formulation used in this work is heavily based on [Moreira et al., 2005]
article where a layerwise theory based element is formulated to model laminated structures
with multiple viscoelastic layer treatments. In this formulation, the disk is modelled as a
set of circular plate layers (Fig. 2.8) where each one is modelled based on a First-Order
Shear Theory (FOST) following the Reissner-Mindlin assumptions, to which are imposed
continuity equations within the respective displacement field at interface level. Each layer
is modelled accordingly to the assumptions:
– extensional and shear deformations of all the layers are accounted;
– deformation through thickness is negligible;
– translational and rotary inertias of all the layers are accounted;
– materials are isotropic/orthotropic and homogeneous in each layer;
– gyroscopic and centrifugal effects are taken into account.
12
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θ1
x
θj
y
θk
y
θk
x
θj
x
θ1
y
hk
y
v
u
x
z
w
hj
h1
z1
zj
zk
Figure 2.8: Layerwise theory - kinematic model
2.2.1 Displacement field
For a generic layer k of the sandwich plate of thickness hk and area A, the displacement
field {u}k can be defined as:
{u}k =

uk
vk
wk
 =

u0 +
h1
2 θ
y
1 +
k−1∑
j=2
hjθ
y
j +
hk
2 θ
y
k + zkθ
y
k
v0 − h12 θx1 −
k−1∑
j=2
hjθ
x
j − hk2 θxk − zkθxk
w0

(2.28)
where u0, v0 and w0 are the translations of the reference layer (k = 1) and θ
x
k , θ
y
k are
the rotations of the normal about the x- and y- axes, respectively. The continuity of the
displacement field between the layers is guaranteed through a set of coupling terms in the
displacement field definition.
2.2.2 Strain field
As in 2.1.2, the strain field is described by using the von Karman non-linear strain-
displacement relationship [Jang et al., 2002]:
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{ε}k =

εxx
εyy
γxy
γxz
γyz

k
=

∂uk
∂x +
1
2(
∂wk
∂x )
2
∂vk
∂y +
1
2(
∂wk
∂y )
2
∂vk
∂x +
∂uk
∂y +
∂wk
∂x
∂wk
∂y
∂uk
∂z +
∂wk
∂x
∂vk
∂z +
∂wk
∂y

(2.29)
Recalling (2.28), the strain field can be written as:
{ε}k =

εxx
εyy
γxy
γxz
γyz

k
=

∂u0
∂x +
k−1∑
j=2
hj
∂θyj
∂x +
hk
2
∂θyk
∂x + zk
∂θyk
∂x +
1
2(
∂w0
∂x )
2
∂v0
∂y −
k−1∑
j=2
hj
∂θxj
∂y − hk2
∂θxk
∂y − zk
∂θxk
∂y +
1
2(
∂w0
∂y )
2
∂u0
∂y +
∂v0
∂x +
k−1∑
j=2
hj
(
∂θyj
∂y −
∂θxj
∂x
)
+
(
hk
2 + zk
)(
∂θyk
∂y −
∂θxk
∂x
)
+ ∂w0∂x
∂w0
∂y
θyk +
∂w0
∂x
−θxk + ∂w0∂y

(2.30)
2.2.3 Stress field
As in 2.1.3, the stress field of a generic layer k is related to its strain field by the
constitutive law of the material, hereby represented by the matrix operator [D]k, as:
{σ}k =

σxx
σyy
τxy
τxz
τyz

k
= [D]k {ε}k (2.31)
where the constitutive matrix is given by:
[D]k =
Ek
1− ν2k

1 νk 0 0 0
νk 1 0 0 0
0 0 1−νk2 0 0
0 0 0 1−νk2 0
0 0 0 0 1−νk2
 (2.32)
being Ek and νk the Young’s modulus and the Poisson’s ratio of the generic layer k,
respectively.
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2.2.4 Strain energy
The elastic storage energy of the sandwich plate is obtained from the integral evaluated
over the volume domain of the whole set of nl individual layers as:
ΠP =
nl∑
k=1
1
2
∫
Vk
{ε}Tk {σ}k dVk
=
nl∑
k=1
1
2
∫
A
∫
zk
{ε}Tk [D]k{ε}k dzk dA
(2.33)
If we write the constitutive matrix as:
[D]k =

Exx Exy 0 0 0
Exy Exx 0 0 0
0 0 G 0 0
0 0 0 G 0
0 0 0 0 G

k
(2.34)
then, recalling (2.33), we can write ΠP as:
ΠP =
nl∑
k=1
1
2
∫
A
∫
zk
[
Exxε
2
xx + 2Exyεxxεyy + Eyyε
2
yy +G
(
γ2xy + γ
2
xz + γ
2
yz
)]
k
dzk dA (2.35)
2.2.5 Kinetic energy
The kinetic energy of the sandwich plate, including the effects of translatory and rotary
inertia, is obtained from the integral evaluated over the volume domain of the whole set
of nl individual layers as:
ΠK =
nl∑
k=1
1
2
∫
Vk
ρk{vP }Tk {vP }k dVk (2.36)
being ρk the mass density of layer k and {vP }k the velocity vector of a generic point P
in a layer k. As in 2.1.5 and for convenience of formulation, the kinetic energy is first
obtained for a stationary plate and later its complemented with the terms for the kinetic
energy of a spinning plate. The kinetic energy for a stationary plate ΠK
S
is obtained by:
ΠK
S
=
nl∑
k=1
1
2
∫
Vk
ρk{u˙}Tk {u˙}k dVk (2.37)
ΠK
S
=
nl∑
k=1
1
2
∫
Vk
ρk
[u˙0 + h1
2
θ˙y1 +
k−1∑
j=2
hj θ˙
y
j +
hk
2
θ˙yk + zkθ˙
y
k
2
+
v˙0 − h1
2
θ˙x1 −
k−1∑
j=2
hj θ˙xj −
hk
2
θ˙xk − zkθ˙xk
2 + w˙02] dVk
(2.38)
where its terms lead to the mass matrix established in section 3.2.7. The remaining terms
15
2. Theoretical Formulation
for the kinetic energy of a spinning plate can be obtained by:
ΠK
Ω
=
nl∑
k=1
1
2
∫
Vk
ρk
{
{ω}k × {OP }k
}T
·
{
{ω}k × {OP }k
}
dVk (2.39)
where {OP }k is the position vector of a generic point P , of a generic layer k, without the
rotational components and is given by:
{OP }k =

x+ u0 +
h1
2 θ
y
1 +
k−1∑
j=2
hjθ
y
j +
hk
2 θ
y
k
y + v0 − h12 θx1 −
k−1∑
j=2
hjθ
x
j − hk2 θxk
h1
2 +
k−1∑
j=2
hj +
hk
2 + zk + w0

(2.40)
θ1
x
θj
y
θk
y
P
y
x
θk
x
θj
x
θ1
y
hk
y
v
u
x
z
w
hj
h1
zk
z1
zj
zk
Figure 2.9: Position vector of a generic point P of a k layer
and {ω}k being the angular velocity vector, of a layer k, expressed in the local reference
frame. The transition of the inertial reference frame – 0 – to the local reference frame – 3
– is carried out with the aid of three successive rotations, as shown in (Fig. 2.10):
The angular velocity vector {ω}k of a generic layer k is obtained as:
16
2.2. Layerwise plate formulation
Z
0Z1
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2
Z
3
y
3
y
0
y
1
y
2
x
0
x
1
x
2
x
3
t
t
k
x
k
y
k
y k
x
Figure 2.10: Transformation of the inertial reference frame to the local layer k reference
frame – Euler’s angles
{ω}k = [T03]k {ω0}k + [T13]k {ω1}k + [T23]k {ω2}k (2.41)
where [T03]k, [T13]k and [T23]k are the transformation matrices of the reference frames 0,
1 and 2 to the reference frame 3. {ω0}k, {ω1}k and {ω2}k can be expressed as:
{ω0}k =
θ˙
x
k
0
0
 (2.42)
{ω1}k =

0
θ˙yk
0
 (2.43)
{ω2}k =

0
0
Ω
 (2.44)
The transformation matrices [T01]k, [T12]k and [T23]k are associated with the successive
rotations between the different reference frames:
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y
0
z
0
x
z
1
x
1
x
0
y
1
k
x
k
Figure 2.11: Transformation of the 0 reference frame to the 1 reference frame for layer k
[T01]k =
1 0 00 cos (θxk) − sin (θxk)
0 sin (θxk) cos (θ
x
k)
 (2.45)
x
1
x
2
Z
1 Z
2
y
1
y
2
y
k
y
k
Figure 2.12: Transformation of the 1 reference frame to the 2 reference frame for layer k
[T12]k =
 cos (θyk) 0 sin (θyk)0 1 0
− sin (θyk) 0 cos (θyk)
 (2.46)
x
2
x
3
y
3
y
2
t
t
z
2
z
3
Figure 2.13: Transformation of the 2 reference frame to the 3 reference frame for layer k
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[T23]k =
cos (Ωt) − sin (Ωt) 0sin (Ωt) cos (Ωt) 0
0 0 1
 (2.47)
Recalling (2.41), in order to calculate {ω}k, [T03]k and [T13]k transformation matrices must
be defined:
[T03]k = [T23]k [T12]k [T01]k (2.48)
[T13]k = [T23]k [T12]k (2.49)
Since all the matrices and vectors are defined, recalling (2.41), the angular velocity vector
{ω}k of a generic layer k can now be obtained:
{ω}k =

θ˙xk cos (Ωt) cos(θ
y
k)− θ˙yk sin (Ωt)
θ˙yk cos (Ωt) + θ˙
x
k sin (Ωt) cos(θ
y
k)
Ω− θ˙xk sin(θyk)
 (2.50)
On the (2.50), the angles θxk and θ
y
k are assumed small and the angular velocity Ω is as-
sumed constant. Therefore, the angular velocity vector can be simplified:
{ω}k =

θ˙xk
θ˙yk
Ω− θ˙xkθyk
 (2.51)
Using (2.39), (2.40) and (2.51), ΠK
Ω
can be written as:
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ΠK
Ω
=
nl∑
k=1
1
2
∫
A
∫
zk
ρk
{(
h1
2
)2 [
Ω2
(
θx1
2 + θy1
2
)
+ 2Ω
(
θx1 θ˙
y
k − θy1 θ˙xk
)]
+
k−1∑
j=2
h1hj
[
Ω2
(
θx1θ
x
j + θ
y
1θ
y
j
)
+ Ω
(
θx1 θ˙
y
k − θy1 θ˙xk + θxj θ˙yk − θyj θ˙xk
)]
+
h1hk
2
[
Ω2
(
θx1θ
x
k + θ
y
1θ
y
k
)
+ Ω
(
θx1 θ˙
y
k − θy1 θ˙xk + θxk θ˙yk − θyk θ˙xk
)]
+ h1
[
h1Ω
2
(
−θx1 (v0 + y) + θy1 (u0 + x)
)
+ Ωzk
(
θx1 θ˙
y
k − θy1 θ˙xk
)
+ Ω
(
θ˙xk (u0 + x) + θ˙
y
k (v0 + y)
)]
+
k−1∑
j=2
{
h2j
[
Ω2
(
θxj
2 + θyj
2
)
+ 2Ω
(
θxj θ˙
y
k − θyj θ˙xk
)]
+ hjhk
[
Ω2
(
θxj θ
x
k + θ
y
j θ
y
k
)
+ Ω
(
θ˙yk
(
θxj + θ
x
k
)
− θ˙xk
(
θyj + θ
y
k
))]
+ 2hj
[
Ω2
(
−θxj (v0 + y) + θyj (u0 + x)
)
+ Ωzk
(
θxj θ˙
y
k − θyj θ˙xk
)
− Ω
(
θ˙xk (u0 + x) + θ˙
y
k (v0 + y)
)]}
+
(
hk
2
)2 [
Ω2
(
θxk
2 + θyk
2
)
+ 2Ω
(
θxk θ˙
y
k − θyk θ˙xk
)]
+ hk
[
Ω2
(
−θxk (v0 + y) + θyk (u0 + x)
)
+Ωzk
(
θxk θ˙
y
k − θyk θ˙xk
)
+ Ω
(
θ˙xk (u0 + x) + θ˙
y
k (v0 + y)
)]
+ Ω2
(
u20 + 2u0x+ v
2
0 + 2v0y
)
− 2Ω
[
θyk θ˙
x
k
(
x2 + y2
)
+ θ˙xk (u0zk + w0x+ xzk)
+ θ˙yk (v0zk + w0y + yzk)
]}
dzk dA
(2.52)
where the time derivative terms of second order are neglected, since all these terms are
already taken into account in the kinetic energy for a stationary plate ΠK
S
. The over
second order terms are also neglected as well as a term Ω2
(
x2 + y2
)
, associated with the
kinetic energy of rotation, since it does not contribute to inertia forces. Recalling (2.38)
and (2.52), the kinetic energy of a spinning plate ΠK , can be now be obtained by combin-
ing the two components as:
ΠK = ΠK
S
+ ΠK
Ω
(2.53)
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ΠK =
nl∑
k=1
1
2
∫
A
∫
zk
ρk
{(
u˙0 +
h1
2
θ˙y1 +
k−1∑
j=2
hj θ˙
y
j +
hk
2
θ˙yk + zkθ˙
y
k
)2
+
(
v˙0 − h1
2
θ˙x1 −
k−1∑
j=2
hj θ˙xj −
hk
2
θ˙xk − zkθ˙xk
)2
+ w˙0
2
+
(
h1
2
)2 [
Ω2
(
θx1
2 + θy1
2
)
+ 2Ω
(
θx1 θ˙
y
k − θy1 θ˙xk
)]
+
k−1∑
j=2
{
h1hj
[
Ω2
(
θx1θ
x
j + θ
y
1θ
y
j
)
+ Ω
(
θx1 θ˙
y
k − θy1 θ˙xk + θxj θ˙yk − θyj θ˙xk
)]}
+
h1hk
2
[
Ω2
(
θx1θ
x
k + θ
y
1θ
y
k
)
+ Ω
(
θx1 θ˙
y
k − θy1 θ˙xk + θxk θ˙yk − θyk θ˙xk
)]
+ h1
[
h1Ω
2
(
−θx1 (v0 + y) + θy1 (u0 + x)
)
+ Ω
(
θ˙xk (u0 + x)
+ θ˙yk (v0 + y)
)]
+
k−1∑
j=2
{
h2j
[
Ω2
(
θxj
2 + θyj
2
)
+ 2Ω
(
θxj θ˙
y
k − θyj θ˙xk
)]
+ hjhk
[
Ω2
(
θxj θ
x
k + θ
y
j θ
y
k
)
+ Ω
(
θ˙yk
(
θxj + θ
x
k
)− θ˙xk (θyj + θyk))]
+ 2hj
[
Ω2
(
−θxj (v0 + y) + θyj (u0 + x)
)
− Ω
(
θ˙xk (u0 + x)
+ θ˙yk (v0 + y)
)]}
+
(
hk
2
)2 [
Ω2
(
θxk
2 + θyk
2
)
+ 2Ω
(
θxk θ˙
y
k − θyk θ˙xk
)]
+ hk
[
Ω2
(
−θxk (v0 + y) + θyk (u0 + x)
)
+Ω
(
θ˙xk (u0 + x)
+ θ˙yk (v0 + y)
)]
+ Ω2
(
u20 + 2u0x+ v
2
0 + 2v0y
)
− 2Ω
[
θyk θ˙
x
k
(
x2 + y2
)
+ θ˙xkw0x+ θ˙
y
kw0y
]}
dzk dA
(2.54)
where the first order dependent terms of zk are omitted since their integration in the zk
domain results in zero. The terms that are a quadratic form of the displacements will
combine with the strain energy of the structure to give a modification of its apparent
stiffness. The first order displacement terms give rise to the centrifugal forces and the first
order velocity terms are the gyroscopic forces, which are not studied in this work. Terms
that result from the product of a displacement times a velocity are the contribution of the
gyroscopic effects to the kinetic energy. The quadratic form of the velocity terms lead to
the inertia matrix.
2.3 Modal analysis
The discretization of the variational of the potential and the kinetic energies using the
finite element method and the use of Hamilton’s principle in sections: 3.1.7 and 3.2.7 allow
to have the equation of motion for free vibration of the system as follows:
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[M ] {q¨}+
[
[C] + [Gy (Ω)]
]
{q˙}+
[[
KL
]
+
[
KS (Ω)
]
+
[
KR (Ω)
]]{q} = {0} (2.55)
where [M ] is the symmetric mass matrix, [C] is the damping matrix, [Gy (Ω)] is the skew
symmetric gyroscopic matrix,
[
KL
]
is the symmetric linear stiffness matrix,
[
KS (Ω)
]
is
the symmetric stress stiffening matrix,
[
KR (Ω)
]
is the symmetric softening matrix. The
stress stiffening matrix is determined by solving a static analysis as in Fig. 2.14, where an
admissible error of 1% is applied as an example:
[
KS (Ω)
]
= [0] {q}i−1 = {0}
[[
KL
]
+
[
KS (Ω)
]
+
[
KR (Ω)
]]{q}i = {cf (Ω)}
{a} = [G]{q}i

εMxx
εMyy
γMxy
 = [B]M [N ]{q}+ 12

(∂w0∂x )
2
(∂w0∂y )
2
2∂w0∂x
∂w0
∂y


σMxx
σMyy
τMxy
 = [D]M

εMxx
εMyy
γMxy

[KS ] = h
∫
Ae
[G]T [S][G] dAe
End {q}i−1 = {q}i
|{q}i−{q}i−1|
{q}i > 0.01
|{q}i−{q}i−1|
{q}i < 0.01
Figure 2.14: Stress stiffening matrix determination diagram
where {cf (Ω)} is the centrifugal force vector. (2.55) is the matrix equation of motion for
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free vibration of the system and is a complete second order differential equation. Due to
the damping and gyroscopic matrices the system of equations is a quadratic eigenvalue
problem. To solve the associated problem using standard algorithms, the (2.55) is re-
written as a first order reducing the following two system of equations into one:[[
KL
]
+
[
KS (Ω)
]
+
[
KR (Ω)
]]{q} = −[[C] + [Gy (Ω)]]{q˙} − [M ] {q¨} (2.56)
[I] {q˙} = [I] {q˙} (2.57)
where [I] is the identity matrix. The previous equations can be rearranged as a matricial
system of equations:−[[C] + [Gy (Ω)]] − [M ]
[I] [0]

q˙
q¨
 =
[[KL]+ [KS (Ω)]+ [KR (Ω)]] [0]
[0] [I]

q
q˙

(2.58)
which if the following is considered:
{X} =
{
q
q˙
}
{X˙} =
{
q˙
q¨
} (2.59)
becomes:−[[C] + [Gy (Ω)]] − [M ]
[I] [0]
 {X} =
[[KL]+ [KS (Ω)]+ [KR (Ω)]] [0]
[0] [I]
 {X˙} (2.60)
{X} = {x }eλt (2.61)
where {x } is a magnitude vector and λ is a constant. These can be given as:
{x } = {{ϕ}, λ{ϕ}}T and λ = jω (2.62)
with {ϕ} being the eigenvectors and ω being the eigenfrequencies. {ϕ} and ω are also the
solutions of the following system of equations:[[KL]+ [KS (Ω)]+ [KR (Ω)]] [0]
[0] [I]
+ λ
−[[C] + [Gy (Ω)]] − [M ]
[I] [0]
 {x } = {0}
(2.63)
In order to obtain the solutions of the previous system one needs to solve the charac-
teristic problem:
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det
[[KL]+ [KS (Ω)]+ [KR (Ω)]] [0]
[0] [I]
+ λ
−[[C] + [Gy (Ω)]] − [M ]
[I] [0]
 = 0
(2.64)
2.4 Frequency Response Function - FRF
The equation of motion for forced vibration of the system is given as:
[M ] {q¨(t)}+
[
[C] + [Gy (Ω)]
]
{q˙(t)}+
[[
KL
]
+
[
KS (Ω)
]
+
[
KR (Ω)
]]{q(t)} = {f(t)}
(2.65)
Considering the steady state excitation as [ARAB, 2013]:
f(t) = F (jω) ejωt (2.66)
The steady state response is given by:
q(t) = Q (jω) ejωt (2.67)
where j =
√−1, ω is the forcing frequency, Q (jω) is the amplitude vector of the steady
state response and F is the amplitude vector of the external forces.
Substituting (2.66) and (2.67) in (2.65), yields:([[
KL
]
+
[
KS (Ω)
]
+
[
KR (Ω)
]]
+ jω
[
[C] + [Gy (Ω)]
]
− ω2 [M ]
)
Q (jω) = F (2.68)
For an excitation applied at the ith degree of freedom (dof) and a displacement measured
in the g dof , the frequency response function (FRF) can be obtained by solving (2.68) for
different values of frequency:([[
KL
]
+
[
KS (Ω)
]
+
[
KR (Ω)
]]
+ jωl
[
[C] + [Gy (Ω)]
]
− ω2l [M ]
)
Q (jωl) = Fi (2.69)
where Fi denotes a force vector with a non-zero component in the ith dof and all other el-
ements equal to zero, and Q (jωl) is the resulting complex response vector (displacements)
solution at frequency ωl. Thus, the receptance FRF at a frequency ωl is given by:
αgi (jωl) =
qg (jωl)
fi
(2.70)
where fi is the amplitude of the force input and qg (jωl) is the displacement response
amplitude extracted from the gth dof of the vector Q (jωl). Lastly, the frequency response
model can be generated from the results of many discrete frequency calculations of equation
(2.69), in which the spinning speed is fixed (Fig. 2.15):
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ω0 = lower limit Ω = chosen value
([[
KL
]
+
[
KS (Ω)
]
+
[
KR (Ω)
]]
+ jωl
[
[C] + [Gy (Ω)]
]
− ω2l [M ]
)
Q (jωl) = Fi
α (jωl)
ωl+1 = ωl + (l + 1)
upper limit−lower limit
pace End
ωl < upper limit ωl = upper limit
Figure 2.15: FRF’s generation diagram
In Fig. 2.15 the frequency is updated in each iteration – as an example – by choosing
a lower and an upper limit for the frequency values as well as the pretended pace.
The system response can also be velocity or acceleration by simply replacing Q (jωl)
with jωlQ (jωl) for velocity and −ω2l Q (jωl) for acceleration. The type of FRF for velocity
is the mobility FRF and is given by:
Ygi (jωl) = jωl
qg (jωl)
fi
= jωlαgi (jωl) (2.71)
and the type of FRF for acceleration is the accelerance FRF and is given by:
Agi (jωl) = −ω2l
qg (jωl)
fi
= −ω2l αgi (jωl) (2.72)
2.5 Functionally graded materials
2.5.1 Introduction
As stated in 1, spinning disks have extensive practical engineering applications and
in all of these, the performance of the components in terms of efficiency, service life and
power transmission depend on the material used. For some specific applications such as in
aerospace where light-weight and durability becomes crucial in high temperature environ-
ment, the components need to be fabricated using special materials such as functionally
graded materials (FGMs). FGMs are microscopically inhomogeneous composite materials,
in which the volume fraction of the two or more materials is varied smoothly and continu-
ously as a function of position along certain dimension(s) of the structure from one point to
the other [Bayat et al., 2009]. FGMs are usually made of a mixture of ceramic and metals.
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The ceramic constituent of the material provides high temperature resistance due to its
low thermal conductivity and the ductile metal constituent, on the order hand, prevents
fracture caused by stress due to high temperature gradient in a very short period of time.
Due to the increase of use of FGM in aerospace and automotive industries, understanding
their dynamic behaviour is important.
2.5.2 Formulation
A laminated plate with a functionally graded material is considered as a set of homo-
geneous layers where the Young’s modulus and the mass density vary from layer to layer
according to a power law form introduced by [R. Burke, 2017]:
E (z) = Eb + (Et − Eb)
( z
h
)n
ρ (z) = ρb + (ρt − ρb)
( z
h
)n (2.73)
where Et and Eb denote the values of the elasticity modulus at the top layer and at the
bottom layer. Similarly ρt and ρb denote the values of the mass density at the top layer and
at the bottom layer. z is the coordinate of the mid-plane of a generic layer k in reference
to the mid-plane of the bottom layer in the thickness direction. h is the z coordinate of the
top layer. According to this distribution, the bottom layer (z = 0) of functionally graded
plate is pure metal, whereas the top surface (z = h) is pure ceramics, and for different
values of n one can obtain different volume fractions of metal. The FGMs are studied in
the context of this work with the layerwise plate formulation in section 4.4.
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Finite Element Method
In this chapter the finite element method is used in order to solve the system of dif-
ferential equations. In order to do so, the disk is discretized into several elements and the
Hamilton’s principle is applied to derive the differential equations of motion. In this case,
the disk middle plane is discretized into a mesh of 4-noded plate rectangles (Fig. 3.1)
Figure 3.1: Discretization of the disk in the finite elements
The elements used are isoparametric and their domain is expressed in terms of the natural
coordinates ξ and η, rather than the system global coordinates x and y, to facilitate the
numerical integration of the element matrices using the Gauss quadrature (Fig. 3.2).
The global coordinates x and y can then be determined from the natural coordinates ξ
and η, respectively, as follows:
x(ξ) = N1xi +N2xj +N3xk +N4xl
y(η) = N1yi +N2yj +N3yk +N4yl
(3.1)
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X
G
y
G k
l
i
j
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11,
1
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Figure 3.2: Change of domain – global system coordinates to natural coordinates
or with matrices:
{
x(ξ)
y(η)
}
=
[
N1 0 N2 0 N3 0 N4 0
0 N1 0 N2 0 N3 0 N4
]

xi
yi
xj
yj
xk
yk
xl
yl

(3.2)
where N1, N2, N3 and N4 are the linear Lagrange shape functions:
N1 =
1
4
(1− ξ) (1− η)
N2 =
1
4
(1 + ξ) (1− η)
N3 =
1
4
(1 + ξ) (1 + η)
N4 =
1
4
(1− ξ) (1 + η)
(3.3)
The derivatives of the shape functions in the natural coordinate system with respect to
the global coordinates are obtained as:

dNi
dξ
dNi
dη
 =

dx
dξ
dy
dξ
dx
dη
dy
dη


dNi
dx
dNi
dy
 = [J ]

dNi
dx
dNi
dy
 (3.4)
with [J ] as the Jacobian transformation matrix defined as:
[J ] =

dN1
dξ
dN2
dξ
dN3
dξ
dN4
dξ
dN1
dη
dN2
dη
dN3
dη
dN4
dη


x1 y1
x2 y2
x3 y3
x4 y4
 (3.5)
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3.1 Formulation based on the Reissner-Mindlin plate theory
and von Karman nonlinear strain
The finite element used has four nodes and five nodal degrees of freedom: three dis-
placements u0, v0 and w0, and two rotations θ
x and θy as shown in (Fig. 3.3).
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Figure 3.3: Plate finite element
3.1.1 Displacement field
The displacement field, {u}, can be represented through a set of generalized variables:
{u} =

u(x, y, z, t)
u(x, y, z, t)
u(x, y, z, t)
 =

u0(x, y, t) + zθ
y(x, y, t)
v0(x, y, t)− zθx(x, y, t)
w0(x, y, t)
 = [N ]{de} (3.6)
where:
{de} = {u0, v0, w0, θx, θy}T (3.7)
represents the generalized displacement field and the matrix [N ] is defined as:
[N ] =
 1 0 0 0 z0 1 0 −z 0
0 0 1 0 0
 (3.8)
The generalized displacement field {de} is interpolated as follows:
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{de} =

u0
v0
w0
θx
θy
 =
4∑
i=1

Niu0i
Niv0i
Niw0i
Niθxi
Niθyi
 =
=

N1 0 0 0 0
...
... N4 0 0 0 0
0 N1 0 0 0
...
... 0 N4 0 0 0
0 0 N1 0 0
... · · · ... 0 0 N4 0 0
0 0 0 N1 0
...
... 0 0 0 N4 0
0 0 0 0 N1
...
... 0 0 0 0 N4


u01
v01
w01
θx1
θy1
· · ·
...
· · ·
u04
v04
w04
θx4
θy4

=
= [N ]{q}
(3.9)
where [N ] is the shape function matrix and {q} is the elemental vector of nodal degrees
of freedom. The equation (3.6) can now be expressed as:
{u} = [N ]{de} = [N ][N ]{q} (3.10)
3.1.2 Strain field
The strain field of the plate, {ε} can be represented by:
{ε} =

εMxx + ε
B
xx
εMyy + ε
B
yy
γMxy + γ
B
xy
γSxz
γSyz
 =

εMxx + ε
B
xx
εMyy + ε
B
yy
γMxy + γ
B
xy
γSxz
γSyz

L
+

εMxx
εMyy
γMxy
0
0

N
=
=

∂u0
∂x + z
∂θx
∂x
∂v0
∂y − z ∂θ
y
∂y
∂v0
∂x +
∂u0
∂y + z
∂θx
∂y − z ∂θ
y
∂x
θx + ∂w0∂x
−θy + ∂w0∂y

L
+
1
2

(∂w0∂x )
2
(∂w0∂y )
2
2∂w0∂w0
∂w0
∂y
0
0

N
=
= {ε}L + {ε}N
(3.11)
where superscript M , B and S stand for, respectively, the membrane, bending and trans-
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verse shear terms. {ε}L is the linear strain component {ε}N and is the nonlinear strain
component. For convenience of formulation (analytical integration through the thickness),
the linear strain field term is split into its three different components:
{ε˜}L =
{
{ε}LM ; {ε}LB ; {ε}L S
}T
(3.12)
Similar to the displacement field {u} – recalling (3.6) – the linear component of the strain
field {ε}L can also be expressed in the terms of the generic displacement field {de}:
{ε}L = [B]{de}
{ε˜}L = [B˜]{de}
(3.13)
where [B] is the deformation matrix and [B˜] is the deformation matrix rearranged ac-
cording to the three different components of {ε˜}L. Therefore, [B˜] can be defined by three
deformation sub-matrices, as:
[B] =

∂
∂x 0 0 0 0
0 ∂∂y 0 0 0
∂
∂y
∂
∂x 0 0 0
0 0 0 0 z ∂∂x
0 0 0 −z ∂∂y 0
0 0 0 −z ∂∂x z ∂∂y
0 0 ∂∂x 0 1
0 0 ∂∂y −1 0

(3.14)
where the first sub-matrix is the membrane deformation matrix, [B]M , and the second
and third ones are, respectively, the bending, [B]B, and the transverse shear, [B]S , de-
formation matrices. Although the nonlinear component of the strain field {ε}N cannot
be directly expressed in the terms of the generalized displacement field {de}, the strain
energy nonlinear component ΠP
N
can be expressed in terms of the nodal displacement
vector of an element {q} which is further studied in the subsection 3.1.4.
3.1.3 Stress field
Similar to (3.11) the stress field is also divided into its linear and nonlinear components:
{σ} =

σMxx + σ
B
xx
σMyy + σ
B
yy
τMxy + τ
B
xy
τSxz
τSyz
 =

σMxx + σ
B
xx
σMyy + σ
B
yy
τMxy + τ
B
xy
τSxz
τSyz

L
+

σMxx
σMyy
τMxy
0
0

N
=
= {σ}L + {σ}N
(3.15)
Analogous to (3.12) and for convenience of formulation (analytical integration through the
thickness), the linear stress field term is split into three partitions:
{σ˜}L =
{
{σ}LM ; {σ}LB ; {τ}L S
}T
(3.16)
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The stress field is related to the strain field by the constitutive law of the material as:
{σ˜}L = [D ]{ε˜}L
σMxx
σMyy
τMxy

N
= [D]M

εMxx
εMyy
εMxy

N
(3.17)
The constitutive matrix is defined as:
[D ] =
[D]M [0] [0][0] [D]B [0]
[0] [0] [G]S
 (3.18)
where [D]M , [D]B and [G]S are the usual membrane, bending and transverse shear con-
stitutive matrices in the local coordinate system (x, y), defined as:
[D]M = [D]B = [D]
[G]S = [G]
(3.19)
The local constitutive matrices [D] and [G] are defined by the isotropic material properties
as:
[D] =
E
1− ν2
1 ν 0ν 1 0
0 0 1−ν2

[G] =
E
2 (1 + ν)
[
1 0
0 1
] (3.20)
being E and ν the Young’s modulus and the Poisson’s ratio of the plate, respectively.
3.1.4 Strain energy
The elastic storage energy of the plate is obtained from the integral evaluated over the
volume and can be separated into its linear ΠP
L
and nonlinear ΠP
N
components:
ΠP =
1
2
∫
V
{ε}T {σ} dV = ΠP L + ΠP N (3.21)
where its linear component can be obtained by:
ΠP
L
=
1
2
∫
V
({ε˜}L)T {σ˜}L dV = 1
2
∫
A
∫
z
({ε˜}L)T [D ]{ε˜}L dz dA (3.22)
which, after recalling (3.9) and (3.13), can now be written:
ΠP
L
=
1
2
∫
A
∫
z
{de}T [B˜]T [D ][B˜]{de} dz dA =
=
1
2
∫
A
∫
z
{q}T [N ]T [B˜]T [D ][B˜][N ]{q} dz dA
(3.23)
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The equation (3.23) after computing explicitly the integral over the plate thickness is:
ΠP
L
=
1
2
∫
A
{q}T [N ]T [Bˆ]T [Dˆ ][Bˆ][N ]{q} dA (3.24)
where matrix [Dˆ ] is the modified constitutive matrix, which now includes the resulting
integration terms, defined as:
[Dˆ ] =
h[D] [0] [0][0] h312 [D] [0]
[0] [0] h[G]
 (3.25)
The modified deformation matrix, [Bˆ], is obtained from (3.14), being described by:
[Bˆ] =
 [B]M1
z [B]
B
[B]S
 (3.26)
The strain energy nonlinear component ΠP
N
, according to [Cook et al., 2007], is defined
as:
ΠP
N
=
1
2
∫
V
[(
∂w0
∂x
)2
σMxx +
(
∂w0
∂y
)2
σMyy +
∂w0
∂x
∂w0
∂y
τMxy
]
dV
=
1
2
∫
V
{a}T [S]{a} dV
(3.27)
where {a} is the vector of the derivatives of the generalized displacement field and [S] is
the stress matrix:
{a} =
{
∂u0
∂x
,
∂u0
∂y
,
∂v0
∂x
,
∂v0
∂y
,
∂w0
∂x
,
∂w0
∂y
,
∂θx
∂x
,
∂θx
∂y
,
∂θy
∂x
,
∂θy
∂y
}T
(3.28)
[S] =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 σxx τxy 0 0 0 0
0 0 0 0 τxy σyy 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

(3.29)
(3.28) can be expressed in the terms of the elemental vector of nodal degrees of freedom
{q} as:
{a} = [G]{q} (3.30)
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where [G] is the matrix of the derivatives of the shape functions:
[G] =

∂N1
∂x 0 0 0 0
... · · · ... ∂N4∂x 0 0 0 0
∂N1
∂y 0 0 0 0
... · · · ... ∂N4∂y 0 0 0 0
0 ∂N1∂x 0 0 0
... · · · ... 0 ∂N4∂x 0 0 0
0 ∂N1∂y 0 0 0
... · · · ... 0 ∂N4∂y 0 0 0
0 0 ∂N1∂x 0 0
... · · · ... 0 0 ∂N4∂x 0 0
0 0 ∂N1∂y 0 0
... · · · ... 0 0 ∂N4∂y 0 0
0 0 0 ∂N1∂x 0
... · · · ... 0 0 0 ∂N4∂x 0
0 0 0 ∂N1∂y 0
... · · · ... 0 0 0 ∂N4∂y 0
0 0 0 0 ∂N1∂x
... · · · ... 0 0 0 0 ∂N4∂x
0 0 0 0 ∂N1∂y
... · · · ... 0 0 0 0 ∂N4∂y

(3.31)
Recalling (3.27) and (3.30), ΠP
N
can now be written as:
ΠP
N
=
1
2
∫
V
{q}T [G]T [S][G]{q} dV =
=
1
2
h
∫
A
{q}T [G]T [S][G]{q} dA
(3.32)
Recalling (3.21), (3.24) and (3.32) the strain energy ΠP can finally be written as:
ΠP =
1
2
∫
A
{q}T [N ]T [Bˆ]T [Dˆ ][Bˆ][N ]{q} dA+ 1
2
h
∫
A
{q}T [G]T [S][G]{q} dA (3.33)
It is important to note that the strain energy nonlinear component ΠPN depends on the
elemental vector of nodal degrees of freedom {q} directly and indirectly since [S] matrix is
a stress matrix and its components are a function of the deformations which these depend
on the nodal displacement vector.
3.1.5 Kinetic energy
Recalling (2.27), the kinetic energy of the plate is:
ΠK =
1
2
∫
A
ρh
[
u˙0
2 + v˙0
2 + w˙0
2 +
h2
12
θ˙x
2
+
h2
12
θ˙y
2
+ Ω2
(
u20 + v
2
0
)
+ 2Ω2 (u0x+ v0y)
− 2Ωθ˙xθy (x2 + y2)− 2Ωθ˙xw0x− 2Ωθ˙yw0y] dA
(3.34)
where its terms can be easily interpolated as in (3.9). Before proceeding into the formula-
tion of the inertia, gyroscopic and stiffness matrices and the centrifugal force it is necessary
to apply a variational formulation – Hamilton’s principle, which is done in section 3.1.7.
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3.1.6 Virtual work of the surface forces
If the plate is loaded by a transverse distributed load, {b}, then the virtual work δW
done by this external load is given by:
δW =
∫
Sf
{δde}T {b} dSf (3.35)
where Sf is the surface area of the distributed load and {δde} is the virtual displacement.
3.1.7 Variational formulation
In order to derive the weak and strong forms, governing the motion of the spinning
disk, Hamilton’s principle is used:
δ
t2∫
t1
(
ΠK −ΠP ) dt+ t2∫
t1
δW dt = 0 (3.36)
Applying the variational to the strain ΠP and kinetic ΠK energies one gets:
δΠP =
∫
A
{δq}T [N ]T [Bˆ]T [Dˆ ][Bˆ][N ]{q} dA+ h
∫
A
{δq}T [G]T [S][G]{q} dA (3.37)
δΠK =
∫
A
ρh
[
− Ω2 (u0δu0 + v0δv0) + Ω
[(
θ˙xx+ θ˙yy
)
δw0 −
(
θ˙y
(
x2 + y2
)
+ w˙0x
)
δθx
+
(
θ˙x
(
x2 + y2
)− w˙0y) δθy]+ u¨0δu0 + v¨0δv0 + w¨0δw0 + θ¨xh2
12
δθx
+ θ¨y
h2
12
δθy + Ω
2 (δu0x+ δv0y)
]
dA
(3.38)
from these equations one can define the linear stiffness matrix [KL], the stress stiffening
matrix [KS ], the softening stiffness matrix [KR], the gyroscopic matrix [Gy], the mass
matrix [M ] and the centrifugal force {cf} as follows:
• Linear stiffness matrix
[KL] =
∫
Ae
[N ]T [Bˆ]T [Dˆ ][Bˆ][N ] dAe (3.39)
where Ae is the area of the element;
• Stress stiffening matrix
[KS ] = h
∫
Ae
[G]T [S][G] dAe (3.40)
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• Softening stiffness matrix
[KR] =
∫
Ae
[N ]T [R][N ] dAe (3.41)
where [R] can be defined as:
[R] = ρhΩ2

−1 0 0 0 0
0 −1 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
 (3.42)
• Gyroscopic matrix
[Gy] =
∫
Ae
[N ]T [Y ][N ] dAe (3.43)
where [Y ] can be defined as:
[Y ] = ρhΩ

0 0 0 0 0
0 0 0 0 0
0 0 0 x y
0 0 −x 0 − (x2 + y2)
0 0 −y (x2 + y2) 0
 (3.44)
• Mass matrix
[M ] =
∫
Ae
[N ]T [J ][N ] dAe (3.45)
where the inertia matrix [J ] can be defined as:
[J ] = ρh

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 h
2
12 0
0 0 0 0 h
2
12
 (3.46)
• Centrifugal force vector
{cf} =
∫
Ae
[N ]T {f} dAe (3.47)
where {f} can be defined as:
{f} = ρhΩ2 {x y 0 0 0}T (3.48)
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3.2 Layerwise plate formulation
The finite element used has four nodes and 3 + 2nl nodal degrees of freedom: three
displacements and 2nl rotations as shown in (Fig. 3.4).
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Figure 3.4: Layerwise finite element
3.2.1 Displacement field
The displacement field, {u}k, can be represented through a set of generalized variables
as:
{u}k =

uk
vk
wk
 =

u0 +
h1
2 θ
y
1 +
k−1∑
j=2
hjθ
y
j +
hk
2 θ
y
k + zkθ
y
k
v0 − h12 θx1 −
k−1∑
j=2
hjθ
x
j − hk2 θxk − zkθxk
w0

= [N ]k{de} (3.49)
where:
{de} = {u0, v0, w0, θx1 , θy1 , . . . , θxk , θyk, . . . , θxnl , θynl}T (3.50)
represents the generalized displacement field and matrix [N ]k is defined as:
[N ]k =
 1 0 0 0 h12 . . . 0 hj . . . 0 hk2 + zk 0 . . . 00 1 0 −h12 0 . . . −hj 0 . . . −hk2 − zk 0 0 . . . 0
0 0 1 0 0 . . . 0 0 . . . 0 0 0 . . . 0
 (3.51)
The generalized displacement field {de} is interpolated as follows:
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{de} =

u0
v0
w0
θx1
θy1
...
θxk
θyk
...
θxnl
θynl

=
4∑
i=1

Niu0i
Niv0i
Niw0i
Niθ
x
1i
Niθ
y
1i
...
Niθ
x
ki
Niθ
y
ki
...
Niθ
x
nli
Niθ
y
nli

= [N ]{q} (3.52)
where [N ] is the shape function matrix:
[N ] =
[
[N1] [N2] [N3] [N4]
]
(3.53)
[Ni] =

Ni 0 0 0 0 · · · 0 0 · · · 0 0
0 Ni 0 0 0 · · · 0 0 · · · 0 0
0 0 Ni 0 0 · · · 0 0 · · · 0 0
0 0 0 Ni 0 · · · 0 0 · · · 0 0
0 0 0 0 Ni · · · 0 0 · · · 0 0
. . .
0 0 0 0 0 · · · Ni 0 · · · 0 0
0 0 0 0 0 · · · 0 Ni · · · 0 0
. . .
0 0 0 0 0 · · · 0 0 · · · Ni 0
0 0 0 0 0 · · · 0 0 · · · 0 Ni

(3.54)
and {q} is the elemental vector of nodal degrees of freedom:
{q} =
{
{q1} {q2} {q3} {q4}
}T
(3.55)
{qi} =
{
u0i , v0i , w0i , θ
x
1i
, θy1i , · · · , θxki , θ
y
ki
, · · · , θxnli , θ
y
nli
}
(3.56)
(3.49) can now be expressed as:
{u}k = [N ]k{de} = [N ]k[N ]{q} (3.57)
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3.2.2 Strain field
The strain field of a generic layer k, {ε}k can be represented by:
{ε}k =

εMxx + ε
C
xx + ε
B
xx
εMyy + ε
C
yy + ε
B
yy
γMxy + γ
C
xy + γ
B
xy
γSxz
γSyz

k
=

εMxx + ε
C
xx + ε
B
xx
εMyy + ε
C
yy + ε
B
yy
γMxy + γ
C
xy + γ
B
xy
γSxz
γSyz

L
k
+

εMxx
εMyy
γMxy
0
0

N
k
=
= {ε}Lk + {ε}Nk
(3.58)
{ε}Lk =

∂u0
∂x +
k−1∑
j=2
hj
∂θyj
∂x +
hk
2
∂θyk
∂x + zk
∂θyk
∂x
∂v0
∂y +
k−1∑
j=2
hj
∂θxj
∂y +
hk
2
∂θxk
∂y + zk
∂θxk
∂y
∂u0
∂y +
∂v0
∂x +
k−1∑
j=2
hj
(
∂θyj
∂y −
∂θxj
∂x
)
+
(
hk
2 + zk
)(
∂θyk
∂y −
∂θxk
∂x
)
θyk +
∂w0
∂x
−θxk + ∂w0∂y

L
k
(3.59)
{ε}Nk =
1
2

(∂w0∂x )
2
(∂w0∂y )
2
2∂w0∂x
∂w0
∂y
0
0

N
k
(3.60)
where superscript M , B and S stand for, respectively, the membrane, bending and trans-
verse shear terms. {ε}Lk is the linear strain component {ε}Nk and is the nonlinear strain
component. For convenience of formulation (analytical integration through the thickness),
the linear strain field term is split into its three different components:
{ε˜}Lk =
{
{ε}Lk
M
+ {ε}Lk
C
; {ε}Lk
B
; {ε}Lk
S
}T
(3.61)
Similar to the displacement field {u}k – recalling (3.49) – the linear component of the
strain field {ε}Lk can also be expressed in the terms of the generic displacement field {de}:
{ε}Lk = [B]k{de}
{ε˜}Lk = [B˜]k{de}
(3.62)
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where [B]k is the deformation matrix and [B˜]k is the deformation matrix rearranged ac-
cording to the three different components of {ε˜}Lk . Therefore, [B˜]k can be defined by three
deformation sub-matrices, as:
[B]k =

∂
∂x 0 0 0
h1
2
∂
∂x . . . 0 hj
∂
∂x . . . 0
hk
2
∂
∂x
0 ∂∂y 0 −h12 ∂∂y 0 . . . −hj ∂∂y 0 . . . −hk2 ∂∂y 0 [0]
∂
∂y
∂
∂x 0 −h12 ∂∂x h12 ∂∂y . . . −hj ∂∂x hj ∂∂y . . . −hk2 ∂∂x hk2 ∂∂y
0 0 0 0 0 . . . 0 0 . . . 0 zk
∂
∂x
0 0 0 0 0 . . . 0 0 . . . −zk ∂∂y 0 [0]
0 0 0 0 0 . . . 0 0 . . . −zk ∂∂x zk ∂∂y
0 0 ∂∂x 0 0 . . . 0 0 . . . 0 1 [0]
0 0 ∂∂y 0 0 . . . 0 0 . . . −1 0

(3.63)
where the first sub-matrix is the membrane-coupling deformation matrix, [B]MCk , and the
second and third ones are, respectively, the bending, [B]Bk , and the transverse shear, [B]
S
k ,
deformation matrices. Although the nonlinear component of the strain field {ε}Nk cannot
be directly expressed in the terms of the generalized displacement field {de}, the strain
energy nonlinear component ΠP
N
can be expressed in terms of the nodal displacement
vector of an element {q} which is further studied in the subsection 3.2.4.
3.2.3 Stress field
Similar to (3.58) the stress field is also divided into its linear and nonlinear components:
{σ}k =

σMxx + σ
C
xx + σ
B
xx
σMyy + σ
C
yy + σ
B
yy
τMxy + τ
C
xy + τ
B
xy
τSxz
τSyz

k
=

σMxx + σ
C
xx + σ
B
xx
σMyy + σ
C
yy + σ
B
yy
τMxy + τ
C
xy + τ
B
xy
τSxz
τSyz

L
k
+

σMxx
σMyy
τMxy
0
0

N
k
=
= {σ}Lk + {σ}Nk
(3.64)
Analogous to (3.61) and for convenience of formulation (analytical integration through the
thickness), the linear stress field term is split into three partitions:
{σ˜}Lk =
{
{σ}Lk M + {σ}Lk C ; {σ}Lk B ; {τ}Lk S
}T
(3.65)
The stress field is related to the strain field by the constitutive law of the material as:
{σ˜}Lk = [D ]k{ε˜}Lk
σMxx
σMyy
τMxy

N
k
= [D]Mk

εMxx
εMyy
εMxy

N
k
(3.66)
The constitutive matrix is defined as:
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[D ]k =
[D]Mk [0] [0][0] [D]Bk [0]
[0] [0] [G]Sk
 (3.67)
where [D]Mk , [D]
B
k and [G]
S
k are the usual membrane, bending and transverse shear con-
stitutive matrices in the local coordinate system (x, y), defined as:
[D]Mk = [D]
B
k = [D]k
[G]Sk = [G]k
(3.68)
The local constitutive matrices [D]k and [G]k are defined by the isotropic material prop-
erties as:
[D]k =
Ek
1− ν2k
 1 νk 0νk 1 0
0 0 1−νk2

[G]k =
Ek
2 (1 + νk)
[
1 0
0 1
] (3.69)
being Ek and νk the Young’s modulus and the Poisson’s ratio of the generic layer k,
respectively.
3.2.4 Strain energy
The elastic storage energy of the plate is obtained from the integral evaluated over the
volume of the whole set of nl individual layers and can be separated into its linear Π
P L
and nonlinear ΠP
N
components:
ΠP =
nl∑
k=1
1
2
∫
Vk
{ε}Tk {σ}k dVk = ΠP
L
+ ΠP
N
(3.70)
where its linear component can be obtained by:
ΠP
L
=
nl∑
k=1
1
2
∫
Vk
({ε˜}Lk )T {σ˜}Lk dVk = nl∑
k=1
1
2
∫
A
∫
zk
({ε˜}Lk )T [D ]k{ε˜}Lk dzk dA (3.71)
which, after recalling (3.52) and (3.62), can now be written:
ΠP
L
=
nl∑
k=1
1
2
∫
A
∫
zk
{de}T [B˜]Tk [D ]k[B˜]k{de} dzk dA =
=
nl∑
k=1
1
2
∫
A
∫
zk
{q}T [N ]T [B˜]Tk [D ]k[B˜]k[N ]{q} dzk dA
(3.72)
(3.72) after computing explicitly the integral over the plate thickness is:
ΠP
L
=
nl∑
k=1
1
2
∫
A
{q}T [N ]T [Bˆ]Tk [Dˆ ]k[Bˆ]k[N ]{q} dA (3.73)
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where matrix [Dˆ ]k is the modified constitutive matrix, which now includes the resulting
integration terms, defined as:
[Dˆ ]k =
hk[D]k [0] [0][0] h3k12 [D]k [0]
[0] [0] hk[G]k
 (3.74)
The modified deformation matrix, [Bˆ]k, is obtained from (3.63), being described by:
[Bˆ]k =
 [B]MCk1
zk
[B]Bk
[B]Sk
 (3.75)
The strain energy nonlinear component ΠP
N
, according to [Cook et al., 2007], is defined
as:
ΠP
N
=
nl∑
k=1
1
2
∫
Vk
[(
∂w0
∂x
)2
σMxx +
(
∂w0
∂y
)2
σMyy +
∂w0
∂x
∂w0
∂y
τMxy
]
k
dVk
=
nl∑
k=1
1
2
∫
Vk
{a}T [S]k{a} dVk
(3.76)
where {a} is the vector of the derivatives of the generalized displacement field and [S]k is
the stress matrix:
{a} =
{
∂u0
∂x
,
∂u0
∂y
,
∂v0
∂x
,
∂v0
∂y
,
∂w0
∂x
,
∂w0
∂y
,
∂θx1
∂x
,
∂θx1
∂y
,
∂θy1
∂x
,
∂θy1
∂y
, · · · ,
∂θxk
∂x
,
∂θxk
∂y
,
∂θyk
∂x
,
∂θyk
∂y
, · · · , ∂θ
x
nl
∂x
,
∂θxnl
∂y
,
∂θynl
∂x
,
∂θynl
∂y
}T (3.77)
[S]k =

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 σxx τxy 0 0 0 0 [0]
0 0 0 0 τxy σyy 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
[0] [0]

k
(3.78)
(3.77) can be expressed in the terms of the elemental vector of nodal degrees of freedom
{q} as:
{a} = [G]{q} (3.79)
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where [G] is the matrix of the derivatives of the shape functions:
[G] =
[
[G1] [G2] [G3] [G4]
]
(3.80)
[Gi] =

∂N1
∂x 0 0 0 0 · · · 0 0 · · · 0 0
∂N1
∂y 0 0 0 0 · · · 0 0 · · · 0 0
0 ∂N1∂x 0 0 0 · · · 0 0 · · · 0 0
0 ∂N1∂y 0 0 0 · · · 0 0 · · · 0 0
0 0 ∂N1∂x 0 0 · · · 0 0 · · · 0 0
0 0 ∂N1∂y 0 0 · · · 0 0 · · · 0 0
0 0 0 ∂N1∂x 0 · · · 0 0 · · · 0 0
0 0 0 ∂N1∂y 0 · · · 0 0 · · · 0 0
0 0 0 0 ∂N1∂x · · · 0 0 · · · 0 0
0 0 0 0 ∂N1∂y · · · 0 0 · · · 0 0
. . .
0 0 0 0 0 · · · ∂N1∂x 0 · · · 0 0
0 0 0 0 0 · · · ∂N1∂y 0 · · · 0 0
0 0 0 0 0 · · · 0 ∂N1∂x · · · 0 0
0 0 0 0 0 · · · 0 ∂N1∂y · · · 0 0
. . .
0 0 0 0 0 · · · 0 0 · · · ∂N1∂x 0
0 0 0 0 0 · · · 0 0 · · · ∂N1∂y 0
0 0 0 0 0 · · · 0 0 · · · 0 ∂N1∂x
0 0 0 0 0 · · · 0 0 · · · 0 ∂N1∂y

(3.81)
Recalling (3.76) and (3.79), ΠP
N
can now be written as:
ΠP
N
=
nl∑
k=1
1
2
∫
Vk
{q}T [G]T [S]k[G]{q} dVk =
=
nl∑
k=1
1
2
hk
∫
A
{q}T [G]T [S]k[G]{q} dA
(3.82)
Recalling (3.70), (3.73) and (3.82) the strain energy ΠP can finally be written as:
ΠP =
nl∑
k=1
1
2
∫
A
{q}T [N ]T [Bˆ]Tk [Dˆ ]k[Bˆ]k[N ]{q} dA+
nl∑
k=1
1
2
hk
∫
A
{q}T [G]T [S]k[G]{q} dA
(3.83)
It is important to note that the strain energy nonlinear component ΠP
N
depends on the
elemental vector of nodal degrees of freedom {q} directly and indirectly since [S]k matrix is
a stress matrix and its components are a function of the deformations which these depend
on the nodal displacement vector.
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3.2.5 Kinetic energy
Recalling (2.54), the kinetic energy of the sandwich is:
ΠK =
nl∑
k=1
1
2
∫
A
∫
zk
ρk
{(
u˙0 +
h1
2
θ˙y1 +
k−1∑
j=2
hj θ˙
y
j +
hk
2
θ˙yk + zkθ˙
y
k
)2
+
(
v˙0 − h1
2
θ˙x1 −
k−1∑
j=2
hj θ˙xj −
hk
2
θ˙xk − zkθ˙xk
)2
+ w˙0
2
+
(
h1
2
)2 [
Ω2
(
θx1
2 + θy1
2
)
+ 2Ω
(
θx1 θ˙
y
k − θy1 θ˙xk
)]
+
k−1∑
j=2
{
h1hj
[
Ω2
(
θx1θ
x
j + θ
y
1θ
y
j
)
+ Ω
(
θx1 θ˙
y
k − θy1 θ˙xk + θxj θ˙yk − θyj θ˙xk
)]}
+
h1hk
2
[
Ω2
(
θx1θ
x
k + θ
y
1θ
y
k
)
+ Ω
(
θx1 θ˙
y
k − θy1 θ˙xk + θxk θ˙yk − θyk θ˙xk
)]
+ h1
[
h1Ω
2
[
−θx1 (v0 + y) + θy1 (u0 + x)
]
+ Ω
(
θ˙xk (u0 + x)
+ θ˙yk (v0 + y)
)]
+
k−1∑
j=2
{
h2j
[
Ω2
(
θxj
2 + θyj
2
)
+ 2Ω
(
θxj θ˙
y
k − θyj θ˙xk
)]
+ hjhk
[
Ω2
(
θxj θ
x
k + θ
y
j θ
y
k
)
+ Ω
(
θ˙yk
(
θxj + θ
x
k
)− θ˙xk (θyj + θyk))]
+ 2hj
[
Ω2
(
−θxj (v0 + y) + θyj (u0 + x)
)
− Ω
(
θ˙xk (u0 + x)
+ θ˙yk (v0 + y)
)]}
+
(
hk
2
)2 [
Ω2
(
θxk
2 + θyk
2
)
+ 2Ω
(
θxk θ˙
y
k − θyk θ˙xk
)]
+ hk
[
Ω2
(
−θxk (v0 + y) + θyk (u0 + x)
)
+Ω
(
θ˙xk (u0 + x)
+ θ˙yk (v0 + y)
)]
+ Ω2
(
u20 + 2u0x+ v
2
0 + 2v0y
)
− 2Ω
[
θyk θ˙
x
k
(
x2 + y2
)
+ θ˙xkw0x+ θ˙
y
kw0y
]}
dzk dA
where its terms can be easily interpolated as in (3.52). Before proceeding into the formula-
tion of the inertia, gyroscopic and stiffness matrices and the centrifugal force it is necessary
to apply a variational formulation – Hamilton’s principle, which is done in section 3.2.7.
3.2.6 Virtual work of the surface forces
If the plate is loaded by a transverse distributed load, {b}, then the virtual work δW
done by this external load is given by:
δW =
∫
Sf
{δde}T {b} dSf (3.84)
where Sf is the surface area of the distributed load and {δde} is the virtual displacement.
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3.2.7 Variational formulation
In order to derive the weak and strong forms, governing the motion of the spinning
disk, Hamilton’s principle is used:
δ
t2∫
t1
(
ΠK −ΠP ) dt+ t2∫
t1
δW dt = 0 (3.85)
Applying the variational to the strain ΠP and kinetic ΠK energies one gets:
δΠP =
nl∑
k=1
∫
A
{δq}T [N ]T [Bˆ]Tk [Dˆ ]k[Bˆ]k[N ]{q} dA+
nl∑
k=1
hk
∫
A
{δq}T [G]T [S]k[G]{q} dA
(3.86)
δΠK =
nE∑
e=1
nl∑
k=1
[
{δq}T [KR]k{q}+{δq}T [Gy]k{q˙}+{δq}T [M ]k{q¨}+{δq}T {cf}k
]
(3.87)
where nE is the total number of finite elements. From these equations one can define
the linear stiffness matrix [KL]k, the stress stiffening matrix [K
S ]k, the softening stiffness
matrix [KR]k, the gyroscopic matrix [Gy]k, the mass matrix [M ]k and the centrifugal force
{cf}k as follows:
• Linear stiffness matrix
[KL]k =
∫
Ae
[N ]T [Bˆ]Tk [Dˆ ]k[Bˆ]k[N ] dA
e (3.88)
where Ae is the area of the element;
• Stress stiffening matrix
[KS ]k = hk
∫
Ae
[G]T [S]k[G] dA
e (3.89)
• Softening stiffness matrix
[KR]k =
∫
Ae
[N ]T [R]k[N ] dA
e (3.90)
where [R]k can be defined as:
[R]k = ρkhkΩ
2

−1 0 0 0 0
0 −1 0 0 0
0 0 0 0 0 [0]
0 0 0 0 0
0 0 0 0 0
[0] [0]
 (3.91)
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[R]k = −ρkhkΩ2

1 0 0 0 h12 . . . 0 hj . . . 0
hk
2
[0]
1 0 −h12 0 . . . −hj 0 . . . −hk2 0
0 0 0 . . . 0 0 . . . 0 0
h21
4 0 . . .
h1
2 hj 0 . . .
h1
2
hk
2 0
h21
4 . . . 0
h1
2 hj . . . 0
h1
2
hk
2
. . .
h2j 0 . . . hj
hk
2 0
h2j . . . 0 hj
hk
2
. . .
h2k
4 0
sym.
h2k
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[0] [0]

(3.92)
• Gyroscopic matrix
[Gy]k =
∫
Ae
[N ]T [Y ]k[N ] dA
e (3.93)
where [Y ]k can be defined as:
[Y ]k = ρkhkΩ

0 0 0 0 0 . . . 0 0 . . . B 0
[0]
0 0 0 0 . . . 0 0 . . . 0 B
0 0 0 . . . 0 0 . . . x y
0 0 . . . 0 0 . . . 0 −h1
2
B
0 . . . 0 0 . . .
h1
2
B 0
. . .
0 0 . . . 0 −hjB
0 . . . hjB 0
. . .
− (x2 + y2 + hkB)
ant.sym. 0
[0] [0]

(3.94)
where B is:
B =
h1
2
+ hj +
hk
2
(3.95)
• Mass matrix
[M ]k =
∫
Ae
[N ]T [J ]k[N ] dA
e (3.96)
where the inertia matrix [J ]k can be defined as:
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[J ]k = ρkhk

1 0 0 0 h12 . . . 0 hj . . . 0
hk
2
[0]
1 0 −h12 0 . . . −hj 0 . . . −hk2 0
1 0 0 . . . 0 0 . . . 0 0
h21
4 0 . . .
h1
2 hj 0 . . .
h1
2
hk
2 0
h21
4 . . . 0
h1
2 hj . . . 0
h1
2
hk
2
. . .
h2j 0 . . . hj
hk
2 0
h2j . . . 0 hj
hk
2
. . .
h2k
3 0
sym.
h2k
3
[0] [0]

(3.97)
• Centrifugal force vector
{cf}k =
∫
Ae
[N ]T {f}k dAe (3.98)
where {f}k can be defined as:
{f}k = ρkhkΩ2
{
x y 0 −h1y h1x · · · −hjy hjx · · · −hky hkx
}T
(3.99)
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Chapter 4
Results
Based on the formulations presented at chapter 3, the finite elements established were
implemented in a modified Matlab code and validated with the commercial finite element
method program ANSYS.
The study of the gyroscopic effect and centrifugal stiffening effect are presented for the
finite element based on the Reissner-Mindlin thick plate theory and von Karman nonlinear
strain. Functionally graded material dynamics are also studied in this chapter.
4.1 Validation
In the following sections, modal analysis are performed in order to compare the finite
elements results with those of ANSYS software. The material and geometric properties of
the chosen disk are:
Table 4.1: Geometric Parameters
Inner radius [mm] Outer radius [mm] Thickness [mm]
10 100,5 1
Table 4.2: Material Parameters
Young’s modulus [GPa] Poisson’s ratio Mass density [kg/m3]
200 0,3 7850
The meshes used in the validation of the finite elements (Fig. 4.1) have the following
parameters in common:
Table 4.3: Mesh Parameters
Radial elements Circumferential elements Nodes
10 25 275
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Figure 4.1: Mesh of finite elements
4.1.1 Element based on the Reissner-Mindlin thick plate theory and von
Karman nonlinear strain
In this section, the disk defined in 4.1 is studied with the finite element based on
the Reissner-Mindlin thick plate theory and von Karman nonlinear and its results are
compared with the ANSYS results. The mesh parameters used in the Matlab code and in
ANSYS are presented:
Table 4.4: Mesh Parameters – Matlab
Elements Nodes Degrees of freedom Active degrees of freedom
250 275 1375 1250
Table 4.5: Mesh Parameters – ANSYS
Elements Nodes
19362 2701
The natural frequencies and the corresponding mode shapes obtained with the Matlab
code are presented next for a spinning velocity Ω = 0 rad/s:
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4.1. Validation
(a) 1st mode shape
(b) 2nd mode shape
(c) 3rd mode shape
(d) 4th mode shape (e) 5th mode shape
Figure 4.2: Mode shapes for a spinning velocity Ω = 0 rad/s
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Table 4.6: Natural frequencies – Matlab vs. ANSYS
Order Nat. freq. [Hz] - ANSYS Nat. freq. [Hz] - Matlab Error (%)
1o 83,74 85,52 2,13
2o 83,76 85,52 2,10
3o 102,04 104,37 2,28
4o 135,24 137,12 1,39
5o 135,24 137,12 1,39
Table 4.6 shows that there is a good agreement between the finite element formulated
and the ANSYS software for a non-spinning disk. The only difference between the results
can be the result of the fine refinement of the mesh from ANSYS.
The natural frequencies and the corresponding mode shapes obtained with the Matlab
code are presented next for a spinning velocity Ω = 200 rad/s:
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(a) 1st mode shape (b) 2nd mode shape
(c) 3rd mode shape
(d) 4th mode shape (e) 5th mode shape
Figure 4.3: Mode shapes for a spinning velocity Ω = 200 rad/s
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Table 4.7: Natural frequencies – Matlab vs. ANSYS
Order Nat. freq. [Hz] - ANSYS Nat. freq. [Hz] - Matlab Error (%)
1o 57,76 72,05 24,74
2o 85,82 94,03 9,57
3o 121,42 96,64 20,41
4o 102,04 104,72 2,63
5o 213,12 175,99 17,42
Table 4.7 shows that there isn’t a good agreement between the finite element formulated
and the ANSYS software for the spinning disk. Although the mode shapes obtained with
Matlab code and ANSYS are identical. This might prove that the assumption that the
rigid body rotation angle is the same as the deformation angle is too erroneous to make.
The fine refinement of the mesh of ANSYS can also have some effect in the inconsistency
between the results.
4.1.2 Element based on the layerwise plate theory
The results presented for the element based on the layerwise plate theory are for an
arrangement of three homogeneous layers and with equal properties between them.
Table 4.8: Mesh Parameters
Elements Nodes Degrees of freedom Active degrees of freedom
250 275 2475 2250
The natural frequencies and the corresponding mode shapes for the Matlab code and
ANSYS are presented next for a spinning velocity Ω = 0 rad/s:
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(a) 1st mode shape (b) 2nd mode shape
(c) 3rd mode shape
(d) 4th mode shape (e) 5th mode shape
Figure 4.4: Mode shapes for a spinning velocity Ω = 0 rad/s
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Table 4.9: Natural frequencies – Matlab vs. ANSYS
Order Nat. freq. [Hz] - ANSYS Nat. freq. [Hz] - Matlab Error (%)
1o 83,74 85,50 2,10
2o 83,76 85,51 2,09
3o 102,04 104,37 2,28
4o 135,24 137,11 1,38
5o 135,24 137,11 1,38
Tab. 4.9 shows that there is a good a agreement between the layerwise finite element
formulated and the ANSYS software for a non-spinning disk.
The natural frequencies and the corresponding mode shapes for the Matlab code and
ANSYS are presented next for a spinning velocity Ω = 200 rad/s:
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4.1. Validation
(a) 1st mode shape (b) 2nd mode shape
(c) 3rd mode shape
(d) 4th mode shape (e) 5th mode shape
Figure 4.5: Mode shapes for a spinning velocity Ω = 200 rad/s
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Table 4.10: Natural frequencies – Matlab vs. ANSYS
Order Nat. freq. [Hz] - ANSYS Nat. freq. [Hz] - Matlab Error (%)
1o 57,76 68,26 18,18
2o 85,82 89,52 4,31
3o 121,42 102,91 0,85
4o 102,04 105,21 13,35
5o 213,12 189,67 11,00
Similarly to the finite element based on the Reissner-Mindlin thick plate theory and von
Karman nonlinear strain, Table 4.10 shows that there isn’t a good a agreement between
the finite element formulated and the ANSYS software for the spinning disk although its
average error is smaller when compared to the previous formulation. This might prove that
the assumption that the rigid body rotation angle is the same as the deformation angle is
too erroneous to make. For the mode shapes a good agreement is achieved between the
Matlab code generated and the commercial software ANSYS.
4.2 Gyroscopic effect
The gyroscopic effect is analyzed with the formulation based on the Reissner-Mindlin
thick plate theory and von Karman nonlinear strain. In order to analyze the gyroscopic
effect on the dynamic behaviour of the structure, a modal test can be performed at dif-
ferent spinning speeds and follow the backward travelling wave (BTW) and the forward
travelling wave (FTW) of a flexural mode. Fig. 4.6 plots the forward and backward nat-
ural frequencies of the modes presented in Tab. 4.11. From the figure, we can see that
the natural frequencies of the modes with nodal diameters do change over the speed range
and that this change is greater with the increase of the number of nodal diameters. The
backward modes drop in frequency, while the forward modes increase. The explanation
for this behaviour is a ’gyroscopic effect’. If we consider a whirl, as the spinning disk speed
increases, the gyroscopic effects act like an increasingly stiff spring on the motion of the
spinning disk. The increase stiffness leads to an increase in the natural frequency. The
opposite happens if we consider a backward whirl. The modes designation is presented in
Tab. 4.11 where m is the number of nodal circles and n is the number of nodal diameters.
Table 4.11: Designation of the natural modes
Designation m n Direction of travel
1BTW 0 1 BTW
1FTW 0 1 FTW
2 1 0 -
3BTW 0 2 BTW
3FTW 0 2 FTW
4BTW 0 3 BTW
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Figure 4.6: Campbell diagram of the first four natural modes pairs - without the 4th FTW
pair
4.3 Centrifugal stiffening effect
The centrifugal stiffening effect is analyzed with the formulation based on the Reissner-
Mindlin thick plate theory and von Karman nonlinear strain. In order to analyze the
centrifugal stiffening effect on the dynamic behaviour of the disk , a modal test can be
performed as in section 4.2. The gyroscopic effect will not be considered to emphasize
the centrifugal stiffening effect. Due to this consideration the forward and backward
travelling waves aren’t separated and the Fig. 4.7 plots the pairs of modes as one. The
modes designation is presented in Table 4.12. From the figure, we can see that the natural
frequencies of the modes with nodal diameters increases as the spinning speed increases and
that this tendency is greater the greater the number of nodal diameters. This ’centrifugal
stiffening effect’ is the result of the in-plane stresses that develop when the disk is subjected
to a centrifugal force due to the spinning.
Table 4.12: Designation of the natural modes
Designation m n
1 0 1
2 1 0
3 0 2
4 0 3
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Figure 4.7: Centrifugal effect on the first four natural modes
4.4 FGM
In this section the layerwise plate formulation is applied in order to study the dynamics
of functionally graded materials (FGMs). The properties distribution over the different
layers was previously explained in 2.5. The parameters chosen for the analysis are pre-
sented in Table 4.14:
Table 4.13: Parameters for the analysis of FGMs
Designation nl n Et [GPa] Eb [GPa] ρt [kg/m
3] ρb [kg/m
3]
3-0,5 3 0,5 380 70 3800 2700
3-1 3 1 380 70 3800 2700
3-2 3 2 380 70 3800 2700
4-1 4 1 380 70 3800 2700
5-1 5 1 380 70 3800 2700
The geometric parameters are the ones chosen in 4.1 and in each configuration the thick-
ness of the disk is equally distributed for all layers and the Poisson’s ratio is 0,3. Tab.
4.14 shows the Young’s modulus and mass density for every layer for each n value chosen
accordingly to (2.73):
60
4.4. FGM
Table 4.14: Young’s modulus and mass density for each layer
Designation layer number E [GPa] ρ [kg/m3]
3-0,5 1 380 3800
3-0,5 2 289,2 3478
3-0,5 3 70 2700
3-1 1 380 3800
3-1 2 225 3250
3-1 3 70 2700
3-2 1 380 3800
3-2 2 147,5 2975
3-2 3 70 2700
4-1 1 380 3800
4-1 2 276,7 3433
4-1 3 173,3 3067
4-1 4 70 2700
5-1 1 380 3800
5-1 2 302,5 3525
5-1 3 225 3250
5-1 4 147,5 2975
5-1 5 70 2700
In order to study the dynamic characteristics of a disk made of a FMG, FRF analyses
are presented where the effect of the n parameter and the effect of different number of
layers are studied for different spinning speeds Ω. In the following figures (Fig. 4.8, Fig.
4.9, Fig. 4.10 and Fig. 4.11) it is clear that the less fraction volume of metal is the FGM,
the bigger the natural frequencies. This is expected since the ceramic material is stiffer and
just a little denser when compared with the metal material, this leads to a bigger increase
in the stiffness than in the mass of the disk which increases the natural frequencies. This
effect of the n parameter is the same even with different spinning speeds. The response of
the system is mostly identical outside the natural frequencies zone.
Figure 4.8: Effect of different volume fractions of metal - Ω = 0 rad/s
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Figure 4.9: Effect of different volume fractions of metal - Ω = 100 rad/s
Figure 4.10: Effect of different volume fractions of metal - Ω = 200 rad/s
Figure 4.11: Effect of different volume fractions of metal - Ω = 300 rad/s
The following figures (Fig. 4.12, Fig. 4.13, Fig. 4.14 and Fig. 4.15) show that as the
number of layers increase there is an increase in the natural frequencies. This increase in
the natural frequencies as a limit which is when there are infinite layers and the material
properties become continuous. As in the previous figures, the response is mostly identical
outside the natural frequencies zone.
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Figure 4.12: Effect of different number of layers - Ω = 0 rad/s
Figure 4.13: Effect of different number of layers - Ω = 100 rad/s
Figure 4.14: Effect of different number of layers - Ω = 200 rad/s
63
4. Results
Figure 4.15: Effect of different number of layers - Ω = 300 rad/s
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5.1 Conclusions
One of the main conclusions from this work is that the finite elements formulated show
good agreement with the ANSYS software for the non-spinning disk which demonstrates
that the finite elements formulated are a good tool to explore the dynamic characteristics
of non-spinning disks with multiple layers – composite disks or disks with viscoelastic
treatments. For spinning disks the results were proven inconsistent and that the main
cause might be the assumption that the rigid body rotation angle is the same as the
deformation angle is too erroneous to make. Due to a ’gyroscopic effect’ we can see that
the frequencies of the modes with nodal diameters do change over the speed range and that
this change is greater with the increase of the number of nodal diameters. The backward
travelling wave modes drop in frequency, while the forward travelling wave modes increase.
The centrifugal stiffening effect is responsible for an increase in the frequencies of the
modes with nodal diameters when the spinning speed increases. This tendency is greater
the greater the number of nodal diameters and is the result of the in-plane stresses that
develop when the disk is subjected to a centrifugal force due to the spinning.
The FGMs response is identical outside the natural frequencies zone and it shows
that the bigger the ceramic volume fraction the stiffer the material. It is also noted
that more layers also increase the stiffness of the material as it approaches a continuous
FGM material. This allied with its thermal properties makes the FGMs suitable to be
part of structural components working in high temperature environments since it can take
advantage of the ductility and conductivity of the metal as well as the stiffness and thermal
isolation of the ceramic.
5.2 Future Work
In the future work the assumption that the rigid body rotation angle is the same as
the deformation angle should be discarded and accounting for a rigid body motion effect
in the finite element formulation should be explored has it might solve the problem with
the formulation. Viscoelastic treatments can be explored using the layerwise theory based
finite element as its a technology that needs research.
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